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Abstract

One recent empirical regularity is that firm-growth is negatively
related to firm’s age. Besides, employment-age profiles are flatter in
less developed economies, but it is also observed flatter employment-
age profiles among fast growing economies rather than in slow grow-
ing economies. This paper develops an occupational choice life-cycle
model based on Guner et al. (2015), where entrepreneurs’ skills deter-
mine entrepreneurial technology in a similar way to Poschke (2015).
We consider that exogenous technological advances imply a higher
degree of complexity. Entrepreneurs’ skills determine the degree of
complexity they can manage. As in Guner et al. (2015), entrepre-
neurs invest in their skills over their life-cycle. But, unlike Guner
et al. (2015), entrepreneurs’ skills depreciation depends also on the
rhythm at which skills of newborn entrepreneurs are growing. The
empirical implication of the stationary equilibrium concerning firm
growth is consistent with these observed facts.
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1 Introduction

One recent empirical regularity is that young firms grow more than older
firms (see, among others, Barba et al. (2014), Coad et al. (2013), Dunne
et al. (1989), Evans (1987a, 1987b), Farinas and Moreno (2000), Halti-
wanger et al. (2012), Lopez-Garcia and Puente (2012)). This empirical
regularity is observed among most European countries and the U.S.. That
is, firm-growth (measured by the increase in the number of employees) is
negatively related to firm’s age, once it has been controlled for some other
factors. Furthermore, Hsieh and Klenow (2014) find flatter employment-
age profiles in less developed economies than in more developed economies.
And, Caunedo and Yurdagul (2016) find flatter employment-age profiles in
fast growing economies and steeper ones in slow growing economies. At mi-
cro level, there is some empirical work relating managers’ abilities and firm
growth (see, among others, Queiro (2015)). In this paper we focus on the role
of entrepreneurs’ skills on firm growth, and we show that higher growth rate
of technological advances makes entrepreneurials’ skills more easily depreci-
ated with age. Consequently, we can explain flatter employment-age profiles
not only in more developed economies but also in faster growing economies.

In this paper we consider a model based on Guner et al. (2015) and
Poschke (2015). As in Guner et al. (2015), we consider an occupational
choice overlapping generations economy in which a single output good is
produced by heterogeneous plants or production units. Heterogeneous firms
coexist because each firm faces a “span of control” or diminishing returns to
scale of the production function 4 la Lucas (1978). As in Poschke (2015),
we consider that there are exogenous technological advances in the economy
and that new advances imply a higher degree of complexity. Entrepreneurs’
skills determine the degree of complexity they can manage and, hence, the
degree of adoption of new technologies. As in Guner et al. (2015), there
are overlapping generations of finitely-lived entrepreneurs and they invest in
their skills over their life-cycle'. However, unlike Guner et al. (2015), entre-
preneurs’ skills investment will depend on their return on managing a more
complex technology and on the depreciation of their relative skill with re-
spect to newborn entrepreneurs’ skills. Therefore, faster exogenous growth
of technological advances can lead to a higher growth of firms’ productiv-
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ity, but also may imply a higher depreciation of old entrepreneurs abilities.
This will affect the age-profile of firms’ productivity growth. We show that
employment-age profiles can be steeper in more developed economies but also

flatter in faster growing economies.

Our paper is related to a vast recent literature regarding plant size distri-
bution characteristics. Firstly, we should mention one of the first papers of
this literature, named Lucas (1978). Lucas (1978) builds a quite simple occu-
pational choice economy populated by a constant distribution of one period
life-time individuals differing in their ability or talent. Lucas (1978) studies
the relationship between the economy’s level of per capita wealth and its
corresponding average firm size. From a theoretical point of view, one of the
main conclusions is that if the elasticity of substitution among input factors
is less than one, we should observe a positive relationship between per capita
wealth and average firm size. This is so because a higher per capita wealth
leads to a higher wage rate and, consequently, a higher opportunity cost of
becoming a manager. Therefore, the entrepreneurship rate decreases and the
average firm size increases. Lucas (1978) makes a simple estimation using
time series of the U.S. data corroborating this empirical prediction.

Recently there are some papers analyzing not only the observed differ-
ences in the static plant size distribution characteristics but also differences in
firm dynamics (in particular, employment age profile) across countries. From
a static point of view, there is some consensus that richer economies have
a higher fraction of large establishments, higher employment share in large
plants, higher skewness of firm size, lower entrepreneurship rate or higher
average firm size [See, among others, Garcia-Santana and Ramos (2014),
Poschke (2015)]. More recently, there are several papers analyzing employ-
ment and productivity growth over the firms’ life cycle. As we have men-
tioned above, there are some empirical regularities concerning firm growth
depending on firm’s age. In particular, young firms grow more than older
firms (see, among others, Barba et al. (2014), Coad et al. (2013), Dunne et
al. (1989), Evans (1987a, 1987b), Farifias and Moreno (2000), Haltiwanger
et al. (2012), Lopez-Garcia and Puente (2012). Regarding the relationship
between firm growth and the aggregates of an economy, Hsieh and Klenow
(2014) find flatter employment-age and productivity-age profiles in less de-
veloped countries (India and México) than in more developed economies (the
US). And Caunedo and Yurdagul (2016) find flatter employment-age profiles



in fast growing economies and steeper ones in slow growing economies among
a broad set of countries.

Concerning the empirical work that focus on the factors determining dif-
ferences in firm growth, there are some papers claiming that managers’ abil-
ities is one significant factor. Barba et al. (2014) analyze firms’ life cycle
employment growth in France, Italy and Spain. They find that a common
characteristic to these three countries is that firms grow at a decreasing rate
along their life cycle (young firms grow faster than old firms) and that one of
the factors that determines the firms’ life cycle employment growth are the
age of chief executive officers (CEOs). Queiro (2015) finds, among a sample
of Portuguese firms, that one additional “year of manager education increases
firm growth by around 0.3-0.4 percentage points” [Queiro (2015), p. 2], and
that “moving from the distribution of manager education in Portugal to that
of the U.S. would raise aggregate productivity by about 20 percent” [Queiro
(2015), abstract]. He also shows, for a sample of 50 countries, that the use of
new technologies is more frequent among firms with more educated managers.
Poschke (2015) also claims that technological advances do not affect all firms
equally because managers differ in their skills and, consequently, in their rel-
ative cost in implementing new technologies. On other line of research, some
authors claim that individual plants’ productivities can be capturing differ-
ences in management practices [See Bloom et al. (2012, 2014), Van Reenen
(2015), Caliendo et al. (2015) or Garicano (2015), among others]. Caliendo
et al. (2015) and Garicano et al. (2015) claim that managers’ skills determine
the efficient use of knowledge to make decisions, whenever they are required
to solve complicate production problems or reorganize production. Bloom
et al. (2012, 2014) and Van Reenen (2015) claim that management prac-
tices are more relevant than differences in technological innovation. They
remark that “managerial talent will show up as TFP (if properly measured
because two firms with the same inputs will produce more output with the
better manager” [See Bloom et al. (2012), p. 9].

In this paper we consider a model based on Guner et al. (2015) and
Poschke (2015). Both papers develop an occupational choice version of Lu-
cas (1978) span-of-control model. In a similar way to Poschke (2015), we
consider that managers’ skills determine entrepreneurial technology. As in
Atkeson and Kehoe (2015), we consider that the economy’s technology fron-
tier level is growing at an exogenous technological change but, as in Poschke



(2015), we assume that only the more qualified entrepreneurs will be able
to produce at the technology frontier level. Poschke (2015) points out that
there is a quite vast literature focusing on the relevance of workers’ skills in
adopting new technologies. However, entrepreneur’s skill can be crucial in
adopting new technological advances, ‘employees need to apply a given tech-
nology, while entrepreneurs need to choose and coordinate the technologies
used in a firm’s production process.... If entrepreneurs want to benefit from
the new possibilities put on the menu by technological advances, they need
to keep up with technological developments.’ [Poschke (2015), p. 5]. Under
Poschke (2015), and as in Guner et al. (2015), entrepreneurs can increase
their skills by investing in their skill accumulation. Guner et al. (2015) show
that earnings of managers, relative to non-managers, grow with age among
most high-income countries. Consequently, Guner et al. (2015) consider en-
trepreneurs’ investment to mimic the higher growth of managers’ earnings
relative to non-managers. But, unlike Guner et al. (2015), technological
progress is characterized by an increase in the degree of complexity in pro-
ducing the final output, and only more talented entrepreneurs will be able
to produce with a higher degree of specialization, similar to Poschke (2015).
Poschke (2015) considers that the degree of complexity is determined by the
degree of employees’ specialization. A higher variety of workers’ skills imply
a higher degree of complexity to coordinate them in the production process.
Unlike Poschke (2015), and similar to Comin and Hobijn (2010), we consider
that the degree of complexity is determined by the amount of differentiated
types of capital goods. Unlike Caunedo and Yurdagul (2016), we can ex-
plain flatter employment-age profiles in fast growing economies under the
absence of any shock affecting the size of the technology improvement?. We
can explain flatter employment-age profiles in fast growing economies because
new entrepreneurs are born with a higher knowledge of new technologies, old
entrepreneurs’ skills may depreciate more rapidly with respect to the new
managers’ skills in faster growing economies.

2Caunedo and Yurdagul (2016) consider a model with innovative and non-innovative
firms, whose relative proportion is endogenously determined. Only succesful innovative
firms improve their technology. The main factor driving their results is the cross-country
difference in their probability of productivity improvement. In our model, we consider
that technology improvements grow at an exogenous rate, but these advances do not affect
all firms. At the firm level, the adoption of new technologies will depend on managers’
skills. Entrepreneurs can increase their skills along their active life-cycle, but their relative
productivity with new born generations’ skills may decrease.



The paper is organized as follows. In the next section, Section 2 describes
the basic model and characterize the balanced growth path solution. Section
3 presents some numerical results and section 4 concludes.

2 The benchmark model.

Our model is based on Guner et al. (2015) and Poschke (2015) and describes a
life-cycle occupational choice economy a la Lucas (1978) with no uncertainty.
The economy is populated by overlapping generations households that live a
finite horizon lifetime. There is no population growth, and without loss of
generality, we normalize the size of population at each period of time to 1.
At each period of time, a new generation of households is born with an initial
endowment of entrepreneurial skill. The initial endowment of entrepreneurial
skill has two components: i) an exogenous component determined by a dis-
tribution, which is constant through time, and ) an endogenous component
determined by the growth rate of the economy’s technology level.

From the production side, a single final output good is produced by het-
erogeneous producers that have access to a diminishing returns to scale tech-
nology and differ in their managerial skill. Similar to Poschke, the firm’s
level of technology will depend on the entrepreneur’s skill. Individuals’ man-
agerial skill will determine its entrepreneurial technology in a similar spirit
to Poschke (2015). In particular, entrepreneurial skill will determine the de-
gree of specialization in the production process, that is, the complexity of the
firm’s production process [Poschke (2015), p. 21]. Poschke (2015) considers
that technological advances imply that individual firms have to cope with in-
creasing complexity of technology [Poschke (2015), p. 4]. And, even though
all firms access to a more productive technology, the implementation of a
higher degree of complexity will have a higher cost for some firms than for
others. Poschke (2015) assumes that keeping up with advancing technology
is costly for entrepreneurs [Poschke (2015), p. 5]. Consequently, while ad-
vances in the technological frontier give all firms access to a more productive
technology, they do not affect all firms equally. Some firms can implement
new technologies at lower cost, and therefore take more advantage of them.
As a result, some firms remain close to the frontier and use a production

process involving many, highly specialized inputs, while others fall behind the



frontier, use a simpler production process, and fall behind in terms of rela-
tive productivity [Poschke (2015), p.4]. As in Poschke (2015), we will assume
that the exogenous technology frontier level, A;, determines the number of
differentiated types of capital that can be used in the production process.
As in Guner et al. (2015) we will consider that the individuals’ wage rate is
the same for all workers, and that do not depend on their skill. Therefore,
unlike Poschke (2015), we will not consider that it is required different type
of workers’ skill for each type of differentiated type of capital.

Firstly, we solve the static entrepreneurs’ decision on output. Secondly,
we solve the household problem for entrepreneurs and for workers. Thirdly,
we define the balanced growth path for the economy. Finally, as in Atkeson
and Kehoe (2005), we show that higher productivity implies higher firm size,

taking into account that in our economy there is not any type of distortion.

2.1 Entrepreneurs’ profit maximization (Static)

All households are born with an initial endowment of entrepreneurial skill,
214 = &,21, where z; is drawn from an exogenous stationary distribution. The
component &, captures the type of managerial skill that can grow without
bound because can be inherited across generations, and it is common to all
households of the same generation. As we will see later, the component &,
has to be growing because we are assuming that the exogenous component of
technology frontier level is growing and, in order to a balanced growth path
exist, &, must also grow.

Households are born with no bequests and decide, at the beginning of
their life, whether to work during their active lifetime period or become an
entrepreneur. As in Guner et al. (2015), once they make their decision, they
cannot change it at any other time. In equilibrium all workers receive the
same wage rate per unit of time. All households make their consumption-
saving decisions and they do not value leisure. Furthermore, all entrepre-
neurs, during their active lifetime period, make their investment decisions on
skill accumulation.

Entrepreneurs: As in Lucas (1978), we assume that all entrepreneurs’
technology exhibit a diminishing returns to scale with respect to private input
factors (‘span-of-control’ technology). Similar to Poschke (2015), entrepre-
neurs differ in the complexity of the firm’s production process they can carry
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out. Each entrepreneur produces the same single final consumption good y
using the following technology:

1 B o/(e-1)7%)
gor = i ( JaC ”“dz‘) | 1)
0

where, v < 1 denotes the span-of-control, B,; measures the degree of com-
plexity of the technology (a higher number of types of capital), which depends
on the technology frontier level, A;, and on the entrepreneur’s managerial
skill, z, k; ., denotes the quantity of type of capital ¢ is demanded by entre-
preneur z at time ¢ and n,, is the quantity of labor demanded by entrepreneur
z at time ¢. As in Poschke (2015), we assume that for each entrepreneur the
cost of using a production process increases with the degree of complexity®.
Consequently, the optimal choice of types of capital, B, ;, will be an increas-
ing function of entrepreneur’s skill. The elasticity of substitution among the
different types of capital is given by o > 1*.
Rewriting the production function

—a) v ral?
yeu = [l ng) 2

B o/(r-1)
M,, = { / /ggj‘z;”/"di] ,
0

we can solve the maximization of profits of entrepreneur z in two stages.

where

Firstly, for a given value of M., the firm chooses the combination of &; . ;
that minimize the cost of obtaining the level M, ;. Secondly, the firm chooses
the optimal combination of labor, n,,, and M, ; that maximizes profits.

From the first step, we get that:

T't—f—(s
A

- { ] M., 3)

where A is the marginal cost of one more unit of M, ;, assuming that all
different types of capital are hired at the same interest rate (r;40). Therefore,

3As in Poschke (2015) or Akcigit et al. (2014), we assume that entrepreneur’s time
endowment is equal to 1, and that the cost of managing production processes with a
higher degree of complexity (a higher number of types of capital) is inversely related to
their skills. Because revenues are increasing in B, ;, entrepreneurs will choose to maximize
the value of B, ; given their skills and time endowment.

4And as in Poschke (2015), we assume that the different inputs are gross substitutes.
Poschke (2014, p. 21) claims that because the degree of specialization differs across firms,
it is reasonable to assume that differentiated inputs are gross substitutes (o > 1)).
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we are also assuming that the technology is the same for all types of capital,
and that it is a linear technology that produces one unit of each type of
capital from one unit of forgone output. Consequently, all types of capital
are rented at the competitive rate of (r, + ¢) using a within-period capital
rental or “credit” contract.

Substituting ;. in M, ;, we have that,
1
N= B (ry +0). (4)

As in Poschke (2015), the marginal cost of M, ; decreases with the firm’s
degree of complexity, B, ;.
Secondly, we have that entrepreneurs maximize profits:

1
_ (1-a)yra ) o1
T,t= Iax [(nzyt M2 ) —(re+0)B, 7 M.y —win, |,

{Mz,tynz,t}
where we have taken into account that, at each period t, all workers receive
the same wage rate (w;) and that the constant marginal cost of M. ; is given
__1
by Bz7;71 (T’t + (S)
The first order conditions are given by the following expressions:

g = (1= a7, (5)
and
yZ t o'il
M, = ~ —B7Tt.
St ary (Tt + 5) z,t (6)

Therefore, the optimal demand for M, ; and n,; in terms of factors’ prices,
technology level (degree of complexity) and parameters can be obtained by
solving the previous first order conditions (5) and (6), and taking into account
the production function (2):

[1—~v(1—0)] 1 1=7(1=a))/(A1=) /1 \ 1(1=2)/1-7)
Mz,t - k;sz(Vlti’Y)(gil) (—) (_) ) (7)

) Wy
— 1 ay/(=7) 7\ (=en)/(1=7)
ot =Ny B, S o ) 8
Mt = Ty e (Tt+5) (wt> ®

and



Yzt = Yy

_a (A=)77
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where the parameters k,, n, and y, are defined as follows:

k, = 7(1/(1—7))a(l—v(l—a))/(l—v)(1 _ a)v(l—a)/(l—v)
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n, = 7(1/(1—7))0[&7/(1—7)(1 — a)(l—cw)/(l—v)

Y )

and

1 e} (1—) 17
Yy = O 1= (1 — a) 1-9)

The wage rate, w;, and the interest rate, r, + d, are the same across firms,
and from equations (3) and (4), we have that the amount of each type of

capital demanded by each firm is given by the following expression:
ki,z,t = B;?Mz,t

Therefore, the total amount of capltal used by entrepreneur z is given by
K.;=B,iki.: = B, thlt" M, = let” M. ; and the production function can
be expressed as follows:

gl o g
yoo = [0l 05 = B2 [0l K

Finally, the maximum profits can be written as follows:

Moy = B V(g wy) = (1= ) Ye,s (10)

)

a a-a)17
Where H — (1 — ry) [ry(l—w)a(l ¥) (1 — a) ((i ’Y; (Tti(‘;) (1—7) <wlt) (17)] )

As in Poschke (2015), a high elasticity of substitution among the dif-
ferentiated inputs, o, lowers profits from using more differentiated types of
capital.

It can be shown that the ratio of capital per worker across firms is given
by the following relationship:

1
1—0o
Kz,t o Bz,tki,z,t . Bz,t Mz,t
5

nz,t nz,t nz,t
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where K, ; denotes the total amount of capital used by entrepreneur z, B,
denotes the number of types of capital used by entrepreneur z, and k; ., is
the amount of each type of capital used by firm z.

Taking into account (5), (6) and (3), we have that:

1 1
Kz,t . le,;g a”y (Tiité") Bza,t_l o AWt (11)
n.i (1 —a)yes (1 —a)(r+9)

that is, capital per worker must be the same across firms. As expected, since
there are no distortions in the economy, capital per worker does not depend
on firm’s productivity.

Also, taking into account (5) and (11), we have that:

Kz,t awt
K.t w0 Gt Y
T Yzt W -
Yzt _nz,t )y Ty + 0

that is, we also have that the ratio of capital over output across firms does
not depend on firm’s productivity.

Finally, taking into account individual optimal K ;, n,; and v, +, individ-
ual TF'P,; is given by

Yzt Y
TFPz,t ay (1 a)y z,t
Kz,t nz,t

therefore, individual TF'P, ; is directly proportional to Bz,f).
Regarding the degree of complexity, B, ;, we assume that it depends pos-
itively on both, the managerial skill level, z, and technology frontier level,

. ¥
Bz,t = (@) At
2t

where Z; is the maximum contemporaneous level of entrepreneurs’ ability and

Ay, as follows:

is proportional to &,. As we mentioned earlier, the entrepreneur technology
depends on its relative ability with respect to the most able entrepreneur.

The elasticity of the degree of complexity with respect to the entrepreneurs’

°In this paper, firm’s TFP is determined by the amount of differentiated types of capital
goods adopted. This is the variety effect mentioned in Comin and Hobijn (2010), that is
the increase in productivity that arises by the range of types of capital goods used in the
production process.
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ability is determined by the parameter ¢. The value of ¢ will affect to the
return of investment in skills®.

Consequently, individual T'F'P, ; depends on relative entrepreneurial skill
and on the technology frontier level, as follows:

poy

. (c—1) ay
TFP,; = (@) AFTD (12)

2t

where A; denotes the technology frontier level at time t.

2.2 Households’ problem

At each period ¢ a large number of finitely-lived households of measure one
are born. There is no population growth. Households live for J periods, start
their retirement period at the age of Jr and do not value leisure. Households’
income depends on profits (for entrepreneurs) or on wage income (for workers)
up to period Ji — 1. Entrepreneurs do not invest in their skills the last period
before becoming retired (that is, in period Jr — 1). During their retirement
period, households live only on their savings. All households can save in
risk-free assets, s, whose rate of return is r. Households’ indirect utility
function depends on their initial endowment in managerial skill (z;) and on
the technology frontier level at the period they were born, that is on ¢. Since
there are not bequests, households’ initial wealth is assumed to be zero. Also,
we assume that households cannot die with debt and, given that the utility
increases in consumption, households will consume all their wealth in their
last period of life.
Consequently, entrepreneurs’ budget constraints are given by

Cari1t i1t Sipeys = Teprj1 T (147 1)s5e0-1, 7€ [1,Jr—2],
(13)
CJRf].,t+JR72 + SJR,t+JR71 = 7TZ,t+JRfl + (1 + /r.tJrJRf].)S‘]Rfl,tﬁ»JRfQ) (14)

6Poschke (2015) assumes that the elasticity of the entrepreneurial technology with
respect to the level of economy-wide technology is increasing in managers’ ability. Con-
sequently, more qualified entrepreneurs benefit more from the economy-wide technology
level than low qualified entrepreneurs. This is what Poschke (2015) names as “skill-biased
change in entrepreneurial technology”. In our case, the elasticity of the entrepreneurial
technology with respect to the level of economy-wide technology is 1. Therefore, we don’t
have this mechanism.
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Cittj—1 T Sjp1e4s = (L4 Tegjo1)Sj45-1, J € [Jr,J], (15)

and the law of motion for their skills by

Zivtgrj = (1= 0:)2Zj4j-1 + M(Zj4i-1, Tjttj—1), jell,Jp—2]. (16)

The budget constraints depend on whether entrepreneurs are active or
retired. If they are active ((13) and (14)), their income comes from the
profits they earn (7,4 ;_1) and the return of their accumulated savings. They
consume (c¢j;1;j-1), accumulate savings (sji1,+;) and invest in their skills
(xj44-1) if they are not going to retire the next period (13). The law of
motion for the entrepreneurs’ skills (16), as in Guner et al. (2015), depends
on the current skills and on the amount of income invested. Entrepreneurs’
skills, in absolute terms, may depreciate over time if not investment is done
to keep their knowledge constant. If they are retired, their only source of
income comes from their savings (15).

Then, assuming that utility function at each period is given by

u(cjprj—1) = In(cjpj1),

the problem of an entrepreneur born at time ¢, can be written as follows:

J
Vi (A, 210) = maxz B In(cjp4j-1)
=1
s.t. Equations (13), (14), (15), (16) and
S16 = Ssy1440 =0

The first order conditions are given by

CGirers = B +r)c j el ] —1] (17)
1+ Tty = 7T2j+1,t+jh$jvt+j*1 +
1+ h,, ) R g
( J+1,t+J) jott+i—1 je [1’ Jr — 3] (18)
hﬂfj+17t+j
1+Tt+JR—1 = WZJRfl7t+JR_2h-73JR727t+JR_2 (19)

and the corresponding budget constraints plus the law of motion for their

. . Om(zs ;| N )
skills, where, as in Guner et al. (2015), 7., 11, = ﬂ(z”é‘ztf:l:t:? Wit
J stTJ

b

i 0 6 .
h(2j i1, Tjrj—1) = (L = 00) 253 ;425 with 0 < 61,02 <1,
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Oh(zj,4,j,445-1) _ _ in. .01 62—1
T hmy‘,tﬂ'—l = (1—dy) 0221’t+3'*1xjvt+j*1’

OM(Zi414g T4 1e45)
aZj+17t+j Zj+1,t45

that the learning ability decreases with age.

— _ j+1 01—1 02

The above conditions are standard: (17) are the Euler equations, (18) and
(19) are the non-arbitrage conditions between saving in the risk-free asset or
investing in skill accumulation. We can see that in the non-arbitrage condi-
tion between saving in the risk-free asset or investing in skill accumulation,
the benefits of investing in managerial skill have two components: (i) the
increase in next period’s profit because of higher managerial skill, and (ii)
because we are assuming that there is not full depreciation of entrepreneurial
skill, entrepreneurs will enjoy of a higher entrepreneurial skill from next pe-
riod. This second component does not arise in the entrepreneur’s last period
of investment in skill accumulation. Nevertheless, as shown in Cai (2011),
if h(2jt4j-1,%j1+j-1) 18 linear in z;.y; 1 (that is, if §; = 1), investment in
skill accumulation does not depend on initial entrepreneurial skill. And, as
mentioned by Guner et al. (2015), taking into account that the marginal
benefits of investing in skill accumulation are decreasing in ;1 ;_;, and the
marginal cost of saving in the risk-free asset is constant, there always be an

interior solution.

Summarizing, for every cohort ¢ there are 2(J+ Jgr — 2) unknowns (J+
Jr — 2 control variables [{cj7t+j_1}j:1, {xj’tﬂ-_l};-]ﬁfﬂ and J+ Jp — 2 state
variables [{s; 11} 7_1, {zj11.6+5 1% °]) to be solved with 2(J+ Jr—2) equa-
tions: J—1 Euler equations, Jr—2 non-arbitrage conditions between investing
in skill accumulation or saving in the risk-free asset, Jr — 2 laws of motion

for the managerial skill, J budget constraints, and s 4 = 0.

Given that the only source of ex-ante heterogeneity among households
born at the same period t is the entrepreneurial skill level they are born with,
all their optimal decisions depend ultimately on their respective initial entre-

preneurial skill level (that is, the whole life-cycle profile for {c; ;1 ;-1 = ¢j(21,145-1)}

J Jr— .
{sj41045 = sju1(z0) }1_y and {4541 = 7;(214)}7%°, depend only on their
ex-ante source of heterogeneity, z; ;. For a given initial level of entrepreneurial
skill 2; ¢, the optimal decisions of households of the same cohort are identical,

since there is no other source of heterogeneity).
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Workers: All workers will receive the same equilibrium wage rate at every
period, independently on their initial skill’s endowment. The problem faced

by each worker born at time ¢ can be written as follows:

J
‘/tw = max Z 5j_1 ln(cj7t+j_1)
=1

st Cipyjo1+ Sjpees = Wepj1+ (L4 rey-1)Sje01,  J € [LJJr—1]
Cittj1 T Sjp1eds = (L4 Tepjm1)Sju45-1 J € [Jr,J]
St = Sj+1t+d — 0

where the budget constraints depend on whether workers are active or retired,
but this time workers do not invest in their own skills.
The first order conditions can be written as follows:

Citrpts = B+ 7e45)Cjarj-1, jell,J—1]

plus the corresponding budget constraints.

2.3 Growth rates along the Balanced Growth Path

Along the balanced growth path (BGP), all variables in per capita terms grow
at a constant growth rate except the fraction of entrepreneurs (or workers),
the rate of return of capital and the labor force, which do not grow. In
particular, output, labor income, profits, consumption, savings, aggregate
capital and investment in skills grow at the same constant growth rate.

From each firm’s optimal output level (9) we have that:

_(—a)y

(1+9)=(1+g,)=1+g,) T (1+gp) @0 (20)

and from the first order condition that determines the demand for labor (8),

we can see that:
(1+9w)=(1+gy) (21)

which implies that:
1+g=(1+gp)E Dt (22)
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From the first order condition that determines the demand for each type

of capital (7), we can obtain that:

[1—o(1—ar)]
(14 gx,) = (1 + gp) e=00=2D (23)
And, taking into account (22), we have that:
[1—o(i—a)]

(1 4gr)=00+g) =

And the growth rate of the aggregate stock of capital in the economy is given
by:
[l-o(i-a)] ay
L+gr={0+gp)(l+g) = =(1+gp) 000 =1+g
Profits must grow at the same rate as labor income. From equation (10),

we have that:

y(1—a)

(14 g2) = (1+ g5) "0 (14 )~ 0

(1+gs) = (1+gp)T 00 =1+

From the households’ budget constraints, we must have that age-profile
consumption, savings and managerial skill investment must grow at the same

constant growth rate. In particular:

(1 + gx) = (1 + gw) = (1 + gw) (24)

= (1+9)=(1+gp)EDna-am (25)
Where the degree of complexity depends on the technology level and on

. ¥
Bz,t = (@) At
2t

where z; is proportional to &, and A; = A(1 + ga)*. Consequently,

the managerial skill:

(1+9g8) = (1+ga4)
And individual TFP, TF P, ,;, grows at the rate:
grep = (1+¢)"™") —1= (14 g4)7 7 ~ L. (26)

Finally, as in Guner et al. (2015), along the balanced growth path there
must be a relationship between 1 + g, and 1 + g4. The relationship can
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be obtained either by the law of motion of the entrepreneurial’s skill (16)
or by the non-arbitrage condition of entrepreneurs’ optimal managerial skill
investment, (18) or (19). In particular, from condition (19) we can obtain
the following relationship:

(0a—1)(A—y)—v(1—-a)

(149g.)=1+g) =1+ gA)—w—nuf%u—el) (14g)  ti-on (27)

Substituting this expression (27) in the economy growth rate (24), we obtain
that
Oy )
(1+ gg) = (14 ga)TWEDT= = (14 ¢)T=0 = (1+g,) (28)

That is, new generations are born with higher skills depreciating the old
generations relative skill.

In order to be able to solve the stationary version of the model, we have
to normalize all those variables whose constant growth rate along the BGP is
positive. Consequently, output, wage income, profits, consumption, savings
for a given age, aggregate capital, aggregate consumption and managerial skill
investment are normalized by (1 + ¢)'. Each type of physical capital will be
normalized by (1 + g)wt, the degree of complexity will be normalized
by (1 + g)wt. And the fraction of workers or the labor force are not
normalized because they are constant along the BGP:

[l

The normalized variables will be denoted by the symbol. Along the
balanced growth path, all these normalized variables remain constant. As in
Guner et al. (2015), each new cohort of individuals are born with a common
component £(t) that grows over time at the rate g,, and a random component
z1 whose distribution, cdf F(z) and density f(z) on [0,2™*], is constant.
Therefore, the normalized component is simply z; for each individual. And
the normalized component for every entrepreneur’s skill is given by z;(z;).

Therefore, rewriting the first order conditions in terms of the normalized
variables, we have a stationary system. The threshold value for z; that
determines the fraction of workers, among households at the age-1, can be
obtained such that: V* = V¢(z%), where V¢(2}) is an increasing function of
21, therefore the threshold value for 2§ will be uniquely determined and will
be constant for any period .
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2.4 Stationary Equilibrium along the BGP

We assume an exogenous, and constant, distribution of initial endowment of
the random component of managerial skills z;. In particular, as in Guner et
al. (2015), we assume that z; follows a log-normal distribution on [0, 2™2].

For a given distribution of initial endowment of managerial skills, z,
and no population growth, we can obtain the aggregates of labor, capital,
investments in skills and final consumption good.

In equilibrium, normalized prices (r,w) will be determined such that all
markets clear. In particular, in the labor market we have that:

max Jr—1

N = Z 1 [/Z n(zj(z1),m,w) f(z1)dz1 | = F(21) Z I

1

where N is the per capita endogenous stationary equilibrium level of work-
ers, /1; denotes the mass of the age-j individuals, z;(21) denotes the normal-
ized age-j managerial skill, which depends on the initial managerial skill, z;,
f(21) denotes de density function for z;, F'(z1) the accumulative distribution
function for initial managerial skill z; and n(z;(21),r, w) denotes the amount
of labor hired by each entrepreneur taking into account his/her managerial
skill level. Consequently, the left hand side is the aggregate labor demand
and the right hand side is the aggregate labor supply.

The market for capital clears when the supply of capital per capita equals
the demand of capital per capita,

Jr—1

E:})%f B[z (2] Fi(20), ] (1)

*

j=1 1

JR

- %/ R[50, 1,8 Fle)den

J—1 mmax J-1
= Zuj [/ 5j [zi(21)] f(21)dz +F(z1‘)2uj’§j

By the Walras’ Law, the market for the output clears.

The equilibrium for the output good can be written as follows:

Y = C+1,

B JR—l Zmax JR 1

) R VO VS o )
=1 A
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max

1

C = F(ZT)Z%EJ‘JFZ%‘ [/Z Ej(zj(zl))f(zl)dzll,

I = (6+9K+X,
Jr—2

X = Z 1 [/z Z51(Z’j(zl))f(zl)alzll :

1

max

2.4.1 Relationship between plant size and entrepreneurial skill
along the BGP

As in Atkeson and Kehoe (2005), we link algebraically entrepreneurials’ skills
to the size of entrepreneurs’ plant as measured by its number of employees.
Taking into account that labor and capital are freely mobile across plants,
we express the allocation of capital and labor across plants in terms of the
aggregate capital and aggregate labor, respectively.

Firstly, considering the equilibrium allocation of labor across plants:

max

Jr—1

N = Zuj [/Z ”(Zj(zl)ﬂ“ﬁ)f(zl)dﬁ]

1

Jrp—1

= Z HjTL
j=1

where n; is the per capita amount of workers hired by age-j entrepreneurs,

pmax

ol

n(zj (Zl)7 T, ﬁ)f(zl)d'zl] )

1

we have that

1 \E5 /1) & Jr=1 max
~ ey
= = (e—1)(T—7) ) [CESIE =)
N Ty (7" T 5) <1’L7) A—DI— ; 1z [/Zf sz(Zl) f(zl)dzl

1 NS /1) Ty
N=n,|— — AT Z
r—+0 w

where N is the stationary equilibrium proportion of workers among the
whole population, and Z, similar to Guner et al. (2015), is the aggregate
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normalized entrepreneurial quality:

JR—l max ey
~ Z(Zl) (e—1)(1—7)
Z = , — d
;;%[LI (ﬂ1+%wl) fadz
Jr—1 max R war Jr—1
SO0 M EED I A
j=1 1
where sz(zl) = z(lﬁéﬁ denotes the individual normalized entrepreneurial

quality, which depends on age-j entrepreneur’s skills and on how much age-j
entrepreneur’s skill depreciates due to new born generations’ skills, and Z; is
defined as follows

- Zmax QDO(’Y
Zi= [ 2 s
?1
Analogously, from the equilibrium allocation of aggregate capital across
plants, we have that:

_ Z / K [z;(21), . @) f(2)dn

(A=y(A-a)) y(1—a)

- 1\ v 1\ 0D ~  ay ~
K=k, - A= 7
r+0 w

Finally, as in Atkeson and Kehoe (2005), we can show that the size of
an entrepreneur’s plant as measured by its number of employees is positively

related to its entrepreneurial skill relative to contemporaneous entrepreneurs’

skills: N
~ Czia) @D S
M%@%“”:(m%VJ ey (30)
N Z Z )

Consequently, the fraction of employment of an entrepreneur’s plant, relative

to aggregate employment, will be positively related to its individual normal-
1zed entrepreneurial quality relative to aggregate mormalized entrepreneurial
quality.

Concerning aggregate capital per capita, it can be shown that

n(zj(zl)7 Ty U’j) I

K(z(z),r,0) = K, (31)

regarding aggregate output per capita,

g('zj(zl)v T, ﬂ;) = Y (32)



and, finally, concerning entrepreneur’s profits

n(’zj (21)7 T, ’&7) v

m(zj(z1),rw) = (1 =7)y(z(z), 7, w) = (1 =) N o33

where K and Y denote the stationary aggregate capital per capita and
the stationary aggregate output per capita, respectively, and K (zj(zl), T, W),
y(2;(21),r,w) and 7(zj(21), 7, w) denote the stationary entrepreneurs’ capital,
the stationary entrepreneurs’ output, and the stationary entrepreneurs’ prof-
its, respectively. Therefore, capital per worker must be equal across plants
(and the same to aggregate capital-output ratio, as expected because there
are no distortions in this economy), but higher entrepreneurial skill will imply
a higher entrepreneurial size (higher proportion of employment and higher
proportion of capital). And, similar to Atkeson and Kehoe (2005), entrepre-
neurs’ profits is positively related to entrepreneurs’ skills (and hence, to their
entrepreneurial technology).

We are able to obtain the above expressions (30), (31) and (32) because,
we can check that the entrepreneurs’ production function can be written as
follows:

G0, n @) = Bls) [0, @)K (), n @) (349
B 1 [n(z(20), 7, @), K (20,7, )|

= Blz(z)]
and as in Atkeson and Kehoe (2005), F[., .| exhibits constant returns to scale
with respect to all capital and labor employed by each entrepreneur.

2.4.2 Output and age-output profile along the BGP

From the above expressions (30), (31) and (32), we have that employment,
capital and output for each age-j entrepreneur can be expressed as

max

n; = / n(zy(z1), s @) f(21)den

N (7 =50 N~
= 7 /. Z7oy " f(a)da = EZJ'J (35)
K, = K [zj(z1), 7, @) f(21)dz

_ / Mf{ﬂzl)daz(%)fﬂ
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and

where

and taking into account that

7o x=)
Zj(zl) 2(1 + gz)j—l7
which depends on how much age-j entrepreneur’s skill depreciates due to new
born generations’ skills.
Also, output at every age-j is given by

max

B = [ ) n D)

*

1

where, each entrepreneur output can be written as

zj(z1) | zi(21) " zi(=2

~ ~ 1 —a) 17 v
Bea)n @) = B [nlRe )

ooy~ 2 1-0) o 7
B e Lo L A

zj(z1) |""zj(21)

Consequently, we can also express the level of output at age-j as follows.
Taking into account (36) and (31), we have that:

max

@mmzfzawmm@mmwl

*
1

= ary max
~ o (K ey
_ ic% (N) / 2B feda
?1

= ary max
~ o (K S ey
AT=D (N) / o) e (21)d2n
27
["(’v ary max o N(a(—f);z’ly—w)
— A@D | — 7o | 2y d
(N) / se) g T



~ oy~ ~ —a) 17
= Aem Z( [ Kol (37)
And per capita aggregate output is given by

Jr—1 Jr—1

T S
J=1 =1

~\ a7y
K

— Ao 70-7) [f(a N(H)}

Jr—1

= Ae Y w2
j=1

' (38)
2.4.3 TFP at the firm level, at age level and on aggre-
gate

From (34), or from (36), we can see that each entrepreneur’s normalized TFP
is given by

g(zj (Zl)v T, ﬁ;) = et

Bz(z1)]

PP, - — ( ]
R (25(20),m, @) () 7, )00

~ ~_pory
— A7
zj(21)

Also, we can compute normalized TFP by entrepreneurs’ age-j taking
into account (37)

P o Y gesa-m)
TFP; = T an A@=D Z; (39)
J J

And aggregate normalized TFP, fﬁ, taking into account (38):

— Y

TFP= —— = A0 707 (40)
Koy N(A—a)y

which depends on both normalized technology frontier level, ﬁ’ and on
the aggregate normalized entrepreneurial quality level, Z. Consequently, ag-
gregate normalized TFP, 7/’]\777, is partly endogenously determined by entre-
preneurial quality.

In order to analyze how ﬁTDj affects the aggregate 7/’?773, we express
the aggregate normalized TFP as follows, taking into account (35), (39) and
(10),

— Ni\Y —~—r
TFP =y (WJ) TFP, (41)



Therefore, under no distortions in the economy, the more efficient T/ﬁ?j
has a higher weight in the aggregate TFP. And, the aggregate normalized
TFP, 1%, depends on technology frontier level and upon for how much old
entrepreneurs’ skills depreciate with respect to new entrepreneurs’ skills.

Summarizing, in Table I we have firm’s life-cycle plant size and firm’s
life-cycle normalized TFP. Furthermore, from equation (33) we can show
that ?% = % Consequently, the shape of the law of motion for the
skill acéumulatijon plays an important role on firm growth. Furthermore,
taking into account that newborn agen;cgs’ skills grow at the rate g,, and that
by equation (28), (1+ ¢.) = (1 + ¢)T%0, #; and 5 also play a role in the
depreciation of old entrepreneurs’ skills. In particular, if 6, +65 > 1, newborn
agents’ skills grow at a higher rate than the growth rate of the economy, g.
Hence, 65 > 0, not only implies that relative managers’ earnings, with respect
to non-managers’ earnings, increase with income and that richer economies
will exhibit steeper managers’ earnings, as mentioned in Guner et al. (2015),
but also that it is more likely to have flatter employment-age and TFP-age

profiles in faster growing economies.

TABLE I: FIRMS DYNAMICS OVER THEIR LIFE-CYCLE.

| Expression
I a (21) % ]
B 20 (2D ) m DO e ya

i Zi1 le (E(1+92)]) (1)
n; - Zj o max zi(z1) %

{L; (W) ﬂzﬂdm}

eay (=)

- - max (249 (21) | (e—1(A-7)
TFPj41 Zj+—1>(1’y) o LT (E(lﬁ-gz)j f)dn
TFP, Z;

zmax zj(21) %
J. T f(z1)dz1

27 Z(1+4g2)i 1

3 Some numerical results

In this section we make some numerical exercises to analyze the implications
of the model in terms of the observed facts. Concerning firm size distribu-
tion and managers’ age-earnings profiles, we consider the US characteristics
provided by Guner et al. (2015).
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3.1 Parameters

One period corresponds to 10 years. Households start at the age of 20.
Households live as workers or entrepreneurs during the first four periods, and
as retirees during their last two periods (from 60 years old to 80 years old).

We choose some parameters to mimic some characteristics of the firm
size distribution in the US economy, and some others are taken from the
literature. Guner et al. (2015) use the 2004 U.S. Economic Census to collect
information about the U.S. plant size and employment distribution. They
find that the average plant size is approximately 17.86, the fraction of plants
that employ less than 10 employees is about 72.5%, the fraction of plants
that employ more than 100 employees is 2.7%. Concerning the distribution
of plants’ employment share, they find that the employment share of the total
employment working in small plants (with less than 10 employees) is 15%. As
in Guner et al. (2015) or Poschke (2015), we consider that managers’ skills
follow a lognormal distribution, where p, denotes the mean of log(z;) and
0. is the standard deviation of log(z;). And we assume the same parameter
values as in Guner et al. (2015). The share of capital in the economy is
determined by the firms’ returns to scale () and the importance of capital
(). The importance of capital () is chosen to generate a capital income of
one third, and the value of v is close to the findings of previous papers for the
U.S. economy (Guner et al. (2015), v = 0.77, Buera et al. (2011), v = 0.77,
Atkeson and Kehoe (2007), Caunedo and Yurdagul (2016), Midrigan and Xu
(2013), v = 0.85, Cagetti and De Nardi (2006), v = 0.88). Concerning the
skill accumulation technology, 61, 65 and dy are calibrated. We choose the
values for 6, 65, 0 and A to replicate the main characteristics of the US
plant size distribution. Finally, we assume the same capital share in output
and depreciation rate of capital as in Guner et al. (2015). And taking into
account that the reported investment to output ratio for the period 1960-
2000 in Guner et al. (2015) is 0.178, the capital output ratio is 2.656. The
subjective discount factor is consistent with an annual interest rate of 5%.
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TABLE II: PARAMETER VALUES

’ Name of the parameter \ Parameter \ Value (annualized) ‘
H Exogenous parameters H H H
Subjective discount factor I6; 0.946
Mean log-managerial ability I, 0
Dispersion in log-managerial ability o 2.65
Span of control ¥ 0.8
Importance of capital « 0.3256/~
’ Capital depreciation rate \ 0 \ 0.067 ‘
’ Skill depreciation rate \ 0, \ 0 ‘
H Calibrated parameters H H H
Skill accumulation technology 0, 0.96
Skill accumulation technology 0 0.5
Skill depreciation rate 0g 0.07
Elasticity of substitution types capital | o 2.5
Normalized level of technology frontier | A 600
Exogenous technological progress ga 0.0635
TABLE III: OBSERVED DATA AND MODEL RESULTS
’ Statistics \ U.S. Data \ Model ‘
’ GDP per capita growth rate \ 0.02 \ 0.02 ‘
Capital-output ratio 2.656 2.65
Fraction of small plants (<10 workers) 0.725 0.689
Fraction of medium plants (>20 & <50) 0.093 0.091
Employment share of medium plants (>20 & <50) | 0.167 0.165
Mean firm size 17.22 17.9

3.2 Some Numerical Experiments

We analyze the effect of changes in some exogenous parameters on the average
and employment age-profile 7.

We start by showing that the empirical implications of considering economies
that differ in their normalized level of the technology frontier level (normal-
ized by the same constant growth rate equal to 2%) are consistent with the
data.

"The assumption of a Cobb-Douglas function with respect to n, . and M, ensures
that the firm size distribution (in terms of number of employees) will be constant along a
balanced growth path.
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In the following Figure 1 we show that the employment-age profile in
highly developed rich economies (with higher level of normalized technology
frontier A) is steeper than less developed poor economies (with lower A).

Employment-age profiles for economies
differing in their development level
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Figure 1.- Economies differing in their technology frontier level.

In Table IV, we also can see that our model is consistent with the ob-

served facts that in less developed economies, firms start with a lower size,
the average firm size is smaller, the entrepreneurship rate is higher and the
skewness of firm size is also lower than in more developed economies.

TABLE IV: ECONOMIES DIFFERING IN THEIR DEVELOPMENT LEVEL.

Benchmark (A = 600)

Lower development (A = 350)

Skewness of firm size

4.4908

4.3661

Firm size age-1 12.3976 12.588
Firm size (age-2/age-1) | 1.370 1.325
Firm size (age-3/age-2) | 1.566 1.484
Firm size (age-4/age-3) | 1.620 1.524
Average firm size 17.219 16.782
Entrepreneurship rate | 5.49% 5.62%

Concerning TFP-age profile, as expected is lower in poor economies than

in richer economies, and also flatter.
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Employment-age profiles for economies
differing in their exogenous technological
growth rate.
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Figure 1: Figure 2.- Economies differing in their exogenous growth rate.

If we consider a higher exogenous technological process, managers’ skills
are more easily depreciated by skills of new generations. We find that employment-
age profile is flatter, for a given level of development (2() We show the re-
sults in Table V and in Figure 2. As we can see in Table V, with a higher
exogenous technological change (higher exogenous growth of the technology
frontier level), newborn firms (entrants) have a higher average firm size, but

the employment-age profile is slightly flatter.

TABLE V: ECONOMIES DIFFERING IN THEIR EXOGENOUS GROWTH RATE.

Benchmark (g4 = 6.35%) | Higher growth (g4 = 12.96%)
Skewness of firm size 4.4906 4.4715
Firm size age-1 12.397 12.463
Firm size (age-2/age-1) | 1.370 1.364
Firm size (age-3/age-2) | 1.566 1.555
Firm size (age-4/age-3) | 1.620 1.607
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4 Conclusions

One recent empirical regularity is that young firms grow more than older firms
or that firm-growth (measured by the increase in the number of employees) is
negatively related to firm’s age, once it has been controlled for some other fac-
tors (see, among others, Barba et al. (2014), Coad et al. (2013), Dunne et al.
(1989), Evans (1987a, 1987b), Farinas and Moreno (200), Haltiwanger et al.
(2012), Lopez-Garcia and Puente (2012)). Furthermore, Hsieh and Klenow
(2014) find flatter employment-age profiles in less developed economies than
in more developed economies. And, Caunedo and Yurdagul (2016) find flatter
employment-age profiles in fast growing economies and steeper ones in slow
growing economies. Consequently, it seems that, ceteris paribus, young firms
grow much more than old firms in less developed countries, but also in coun-
tries with higher aggregate productivity growth rate. At micro level, there
is some empirical work relating the age of chief executive officers (CEOs) to
firms’ life cycle growth (Barba et al. (2014)) or managers’ abilities and firm
growth (see, among others, Queiro (2015)). This result strengthens the role
of entrepreneurs in making decisions about their entrepreneurial technology.
In this paper we focus on the role of entrepreneurs’ skills on firm growth,
and we show that higher growth rate of technological advances makes en-
trepreneurials’ skills more easily depreciated with age. And, we obtain that
employment-age profiles and TFP-age profiles can be flatter in less developed

economies, but also in faster growing economies.

We build an occupational choice life-cycle model with exogenous growth.
As in Guner et al. (2015), agents take their irreversible decision on whether
to become entrepreneurs at the first period of their life-cycle. And, following
Poschke (2015), we consider that managers’ skills determine the entrepre-
neurial technology they produce with. In this economy, we assume that the
exogenous technological process implies a higher degree of complexity in the
production process. It will be assumed that managers with higher skill will
be able to produce with a higher degree of complexity (a higher number of
intermediate inputs). Managers can increase their life-cycle skills, however
their relative skill with respect to the whole entrepreneurial’s population will

also depend on how fast the economy is growing.

Our simulations are consistent with the empirical observation that employment-
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age profile is steeper among more developed economies, but also among slow
growing economies (for a given level of development (A)).
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